In the present work the integral equation of Yang and Yang is studied by the method of mo ments. In general the solution of the integral equation is reducible to a linear algebraic system which can be solved only approximately. From the solution of the system the ground-state energy and the magnetization of the anisotropic spin-spin interaction in a one-dimensional chain is de termined.
I. Introduction
Using a function of the type f{A,y), Y a n g and Y a n g 1 recently studied the various properties of the ground-state energy of a one-dimensional chain of anisotropic spin-spin interaction. The real parameter A characterises the anisotropy, and for A = ± 1 we have the case of ferromagnetism and antiferromagnetism respectively. The magnetization per atom y is the eigenvalue of the operator
where N in the total number of lattice sites.
In general the problems of ferromagnetism and antiferromagnetism are directly related to the eigen value spectrum of the operator.
H =
2 I ^ ■ + " Q y "t" Aoz 0~ (2) where o are the Pauli spin matrices at a particular site (öj.2 = oj2 = o?2 = 1) and o are the Pauli spin matrices at a neigboring site.
The problem of a quantized lattice gas is also related to the operator ( 2 ). This subject is dealt with in detail in the relevant literature1. The func tion f(A,y) is defined by Yang and Yang as fol lows:
(lowest eigenvalue of H for fixed y)
which is half of the ground-state energy per bond for fixed y. Here Z is the number of nearest neigh bors at each site. The existence of the limit f(A,y) and a number of general properties of f (A,y) in particular inequalities between the f(A,y) for one-, two-and three-dimensional lattice were proved in Ref.
2. Y a n g and Y a n g confined themselves to the one-dimensional case which they examined in detail. The one-dimensional problem was first examined by B l o c h 3 and B e t h e 4. The formation of the eigenfunctions was based on a hypothesis by B e t h e which has more recently been generalized by Y a n g 5.
The particular case A = -1 (antiferromagnetic iso tropic case) was considered in detailed by H u l -THEN 6, who gave an evaluation of /( -1,0) using Bethe's hypothesis.
II. Construction of the Eigenfunctions
Y a n g and Y a n g 1 consider an eigenfunction W 
where cos a --A .
In addition they also satisfy the following non linear system:
z=i where the /*'s satisfies the relations
m -1 and the function 0 (p, q) is defined as follows
The existence of a solution for ( 12) as well as the properties of function (1 3 ) are discussed in *.
Since pj 4= p ;, if / ' > i , by continuity argument with respect to A, is p1 < p2 • • • < pm for all A. As N, m -> oo at a fixed ratio, the p's increase in number, but always lie within the interval (8), ( 9 ) . In this case the number p's in an interval p to p + dp approaches according to 1.
NQ(p)dp,
where f = I/N clearly df/dp = Q{p)
thus,
The limits of integration are between -Q and Q;
thus is due to the symmetric distribution of the p's about p = 0, i.e ., We have obviously,
and the function f(A, y) is given by
The present problem is centered around the solution of the integral equation (2 0 (19) and (2 0 ) we obtain y and f(A, y) as functions of Q. Equations similar to (18) have been studied by a variety of methods 7.
The purpose of the present work is to study Eq.
(18) by the method of moments 8 which has already been applied by the author 9 to solve Hulthen equa tions for the many-body problem in one-dimension ( I . e . 10) .
III. Solution of the Integral E q . (18)
The integral kernel 3 0/dp can be expressed as a sum of three terms, namely
For A = 0 it follows that 3@ /3p = 0 and the solu tion of the Eq. (18) is known x, namely
For the case A = oo the solution is also known
In the following we will examine Eqs. (18) 
Expanding the integral Kernel in Fourier series with elements e±tnq {n = 0, 1, 2 , . . . ) it follows that
( 2 9 ) the integral equation (18) can be written in the following form:
If we define now In{Q) and / n(Q) the integrals
then the solution of Eq. (30) has the form :
The above solution is substituted into (31) whence we obtain the following linear system for determining the coefficients In(Q) andI n{Q) : 
The system (34) is homogeneous and linear and the condition for the existence of a solution other than zero, is the vanishing of the determinant from which we obtain the eigenvalues of the integral kernel.
However, on account of the fact that there exists an additional condition which connects Q with y the system (34) is satisfied by a zero solution, i. e. the coefficientsl n{Q) are zero.
In other words the function £>(p) is an even functcion as expected from the underlying symmetry of the problem. The integral given in (33) The integral Ao,m(Q) is easily calculated and the result is written below. which must, in order to satisfy converge require ments, be less than unity. We assume that the series converge and proceed to a solution of the linear system (33) using the method of successive ap proximations.
Am(<?)
For the zero order approximation we obtain the solution 
This solution is exact for A = oo .
As a first approximation we have the solution
For m = 0, 1 we obtain: (28) when the solution is expanded in powers of 2 A or by using the first expression of relations (4 0 ).
The results in this case are the following:
From the results we observe that system (33) allows us to approximate the solution as close as we like and is suitable for practical calculations.
The special cases A = ± 1 (ferromagnetisms and antiferromagnetism) can be directly studied using (47) and (4 8 ). The case of antiferromagnetism has been recently studied by the author 9.
Appendix
Using the same method we will study here the system of integral equations which has been recently given by Lieb-Wu n . They are similar to the Y a n g and Y a n g 5 and S u th e r la n d 12 integral equations.
Using Lieb-Wu's symbolism the equations are as follows:
where the limits are determined from the following conditions
The ground-state energy of this system is given by the expression
-Q
The case of Q = n and B = oo has been studied by Lieb-Wu 11 and the solution is obtained in closed form by using Fourier transform. Now we will confine ourselves to the case B ^ 1 and we will use the method of moments. From the underlying symmetry properties the functions Q{k) and o(A) are even functions. Equation ( 1) by ex panding the integral kernel in series can be written as follows:°C
The integral f A n o(A ) dA is non zero for even n and (6) can be written:
where h n{B) represents the moments:
because of (7) and (8 ) Eq. (2) is written:
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If we now multiply the above equation by A~m and integrate from -B to B we obtain the equation from which the coefficients h n (B ) are determined.
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1=0 If we now substitute in the above formula the sums with the corresponding integrals this becomes The ground-state energy is given by 
= -| s i n ( ? +^-f {^-l / l + 16/I^-tg-1 (1/1 + 16/t/2-tg <?)} + . . . .
The formulae (19) and (20), obtained by assuming Z? 1 , which were also given for Q ^ t l and B = oo, yield exactly the maximum values of M//Va = 1/2 and N/Na = 1 . The energy formula (22) 
Knowing the energy E from (22) we can calculate the chemical potentials u .
